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We show that most classes of shift-symmetric degenerate higher-order scalar-tensor (DHOST)
theories which satisfy certain degeneracy conditions are not compatible with the conditions for the
existence of exact black hole solutions with a linearly time-dependent scalar field whose canonical
kinetic term takes a constant value. Combined with constraints from the propagation speed of
gravitational waves, our results imply that cubic DHOST theories are strongly disfavoured and that
pure quadratic theories are likely to be the most viable class of DHOST theories. We find exact static
and spherically symmetric (Schwarzschild and Schwarzschild-(anti-)de Sitter) black hole solutions
in all shift-symmetric higher-derivative scalar-tensor theories which contain up to cubic order terms
of the second-order derivatives of the scalar field, especially the full class of Horndeski and Gleyzes-
Langlois-Piazza-Vernizzi theories. After deriving the conditions for the coupling functions in the
DHOST Lagrangian that allow the exact solutions, we clarify their compatibility with the degeneracy
conditions.
I. INTRODUCTION
Degenerate Higher-Order Scalar-Tensor (DHOST) theories [1–5] provide a general framework of single-field scalar-
tensor theories which contain higher order terms of second-order derivatives of the scalar field. They allow higher-order
Euler-Lagrange equations but possess three degrees of freedom, i.e. two metric and one scalar degrees of freedom,
without Ostrogradsky ghosts [6], as the system of equations reduces to that with the second order derivatives after
a suitable field redefinition. DHOST theories represent the extension of similar analyses in the context of analytical
mechanics [7–9] (See Refs. [10, 11] for reviews).
The direct detection of gravitational waves from binary black hole (BH) and neutron star (NS) mergers [12–14]
means that the application of higher-derivative scalar-tensor theories to BH solutions is of great interest. Depending
on the profile of the scalar field, these solutions can be classified into several classes. Besides BH solutions in general
relativity (GR) with a constant scalar field, higher-derivative scalar-tensor theories also allow BH solutions which are
absent in GR. Stealth Schwarzschild solutions were found in [15, 16] for the shift-symmetric (i.e. symmetric under
φ → φ + c where c is a constant) subclasses of the Horndeski theory [17], which are also subclasses of the DHOST
theories, for the linearly time-dependent scalar field profile φ(t, r) = q t + ψ(r), with the assumption of a constant
kinetic term X := gµν∂µφ∂νφ. Here, “stealth” means that the metric is independent of the scalar field sector of the
Lagrangian and the existence of the scalar field is hidden in the spacetime geometry. Stealth BH solutions have also
been studied in several different contexts [18–21].
BH solutions with metrics different from those in GR were also found in the shift-symmetric theories with the scalar
profile with nonconstant X . An asymptotically flat solution with the static scalar field φ = φ(r) was also constructed
in the Einstein-scalar-Gauss-Bonnet theory with linear coupling, which is a subclass of the shift-symmetric Horndeski
theories [22, 23]. The key for the existence of this solution is the violation of one of the assumptions in the no-hair
theorem for the shift-symmetric theories [24], that the coupling functions and their derivatives are nonsingular as
X → 0. Ref. [25] presented the extension of the no-hair theorem to the shift-symmetric Gleyzes-Langlois-Piazza-
Vernizzi (GLPV) theories (also known as beyond-Horndeski theories) [26] and asymptotically flat hairy BH solutions
that circumvent the assumptions of the theorem. In contrast to [15, 16], hairy BH solutions obtained in Refs.
[22, 23, 25] possess the profiles of the scalar field with nonconstant X .
Another interesting solution is the self-tuned Schwarzschild-de Sitter solution, in which the metric contains an
effective cosmological constant independent of the bare cosmological constant in the action, and hence the spacetime
metric may not be affected by a sudden change of the bare cosmological constant via a phase transition [27–29]. The
self-tuned Schwarzschild-de Sitter solutions were found in the shift-symmetric Horndeski [15, 16] and GLPV [30, 31]
theories.
In the context of quadratic DHOST theories, the conditions for the existence of the Schwarzschild and Schwarzschild
(anti)-de Sitter solutions under the assumptions of a linearly time-dependent profile of the scalar field φ(t, r) = q t+ψ(r)
and a constant value of X = X0 were obtained in Refs. [32, 33]. Odd- and even-mode perturbations about the static
and spherically BH solutions in pure quadratic DHOST theories were analyzed in Refs. [34, 35]. The analysis of static
BH solutions in quadratic DHOST theories was recently extended to Kerr and Kerr- (anti-) de Sitter solutions [36].
In this paper, we clarify the conditions for the existence of the Schwarzschild and Schwarzschild-(anti-) de Sitter BH
2solutions in more general classes of the DHOST theories including cubic DHOST theories. Our analysis follows that
for the shift-symmetric quadratic DHOST theories in Ref. [32–34]. We also present the detailed derivation process of
these conditions, and give explicit models and solutions.
As shown in Ref. [5] cubic DHOST theories do not appear to satisfy the recent constraint on the propagation speed
of gravitational waves cg, obtained from the coincident measurements of gravitational waves emitted from a binary NS
merger and its associated short gamma-ray burst [14, 37–40], indicating that the difference between cg and the speed
of light is at most O(10−15). However, there are two reasons why the above constraints do not directly apply to our
problem and therefore it is worthwhile to investigate exact BH solutions in cubic DHOST theories. The first is that
the constraint is based on the assumption that the scalar field has cosmological origins and therefore is distributed
over cosmological scales. However, the scalar field may be localized only in the vicinity of BHs or NSs, or may not
have a cosmological origin. The second argument is that the frequency band of LIGO ∼ 100Hz is very close to the
cut-off scale of the effective field theory of dark energy [41], and hence the constraints from LIGO may not be directly
applicable to the Horndeski or DHOST theories if they provide the effective field theory description for dark energy.
The paper is constructed as follows: In Sec. II, we review the DHOST theories. In Sec. III and Sec. IV, we derive
the conditions for the existence of the Schwarzschild and Schwarzschild-(anti-)de Sitter solutions in the pure cubic
and full DHOST theories. We check the compatibility of the above conditions with the degeneracy conditions. In
Sec. V, we discuss the limits to special subclasses known as Horndeski theory [17] and GLPV theory [26].
II. SET-UP
A. DHOST theories
We consider the most general theories which are composed of terms up to cubic order of the second order covariant
derivatives of the scalar field
S =
∫
d4x
√−g
[
F0(φ,X)+F1(φ,X)φ+F2(φ,X)R+F3(φ,X)Gµνφ
µν +
5∑
I=1
AI(φ,X)L
(2)
I +
10∑
J=1
BJ(φ,X)L
(3)
J
]
, (1)
where gµν is the metric; g := det(gµν); R is the Ricci scalar associated with gµν ; φ is the scalar field; φµ := ∇µφ;
X := φµφ
µ, the quadratic terms are
L
(2)
1 = φµνφ
µν L
(2)
2 = (φ)
2
, L
(2)
3 = φφ
µφµνφ
ν , L
(2)
4 = φ
µφµρφ
ρνφν , L
(2)
5 = (φµφ
µνφν)
2
, (2)
and the cubic terms are
L
(3)
1 = (φ)
3
L
(3)
2 = φφµνφ
µν , L
(3)
3 = φµνφ
νρφµρ, L
(3)
4 = (φ)
2φµφ
µνφν , L
(3)
5 = φφµφ
µνφνρφ
ρ,
L
(3)
6 = φµνφ
µνφρφ
ρσφσ L
(3)
7 = φµφ
µνφνρφ
ρσφσ,
L
(3)
8 = φµφ
µνφνρφ
ρφσφ
σλφλ, L
(3)
9 = φ(φρφ
ρσφσ)
2, L
(3)
10 = (φρφ
ρσφσ)
3, (3)
with φµν := ∇ν∇µφ; φ := gµνφµν ; Fi(φ,X) (i = 0, 1, 2, 3), AI(φ,X) (I = 1, · · · , 5), and BJ(φ,X) (J = 1, · · · , 10)
are functions of φ and X .
In order to eliminate the Ostrogradsky ghosts, degeneracy conditions are imposed, which depend on the class of
DHOST [1–5]. Following Ref. [3], we call degeneracy conditions for the pure quadratic DHOST theories (F3 =
B1 = B2 = · · · = B10 = 0) “Class-2M” and “Class-2N” for the cases of F2 = F2(φ) and F2 = F2(φ,X), respectively1.
Similarly, we call degeneracy conditions for the pure cubic DHOST theories (F2 = F2(φ) and A1 = A2 = · · · = A5 = 0)
“Class-3M” and “Class-3N” for the cases of F3 = 0 and F3 6= 0, respectively. Degeneracy conditions for the pure
quadratic, pure cubic, and full DHOST theories are reviewed in Appendices A-C. We note that the terms F0 and F1
are not relevant for the degeneracy conditions.
We also note that the pure quartic GLPV (G4 = G4(φ,X) and f4 = f4(φ,X)) and the pure quartic beyond-
Horndeski (G4 = G4(φ) and f4 = f4(φ,X)) theories belong to Class-
2N-I and Class-2M-I, and the pure quintic GLPV
(G5 = G5(φ,X) and f5 = f5(φ,X)) and the pure quintic beyond-Horndeski (G5 = 0 and f5 = f5(φ,X)) theories
belong to Class-3N-I and Class-3M-I, respectively, where we will use Eqs. (2.1)-(2.3) and Eqs. (2.6)-(2.7) in Ref. [10]
for the conventions of the Horndeski and beyond-Horndeski theories 2. In full DHOST theories in which all the terms
1 Here we take “minimally coupled” to mean F2(X, φ) = F2(φ), because this coupling is free from Ostrogradsky ghosts and does not
contribute to the degeneracy conditions, while in Ref. [3] the authors define “minimally coupled” as F2 = 0.
2 Here, “pure beyond-Horndeski” means that within the quartic or quintic order GLPV theory, only the function f4 or f5 is a nontrivial
function of X, while G4 = G4(φ) or G5 = 0 respectively.
3in Eq. (1) are nontrivial, not all the combinations of the pure quadratic and cubic DHOST theories are degenerate,
and even if they can be degenerate some additional conditions may have to be imposed [3].
In the rest of the paper, we study the shift-symmetric subclass of DHOST, where
Fi = Fi(X) (i = 0, 1, 2, 3), AI = AI(X) (I = 1, · · · , 5), BJ = BJ (X) (J = 1, · · · , 10). (4)
The shift symmetry simplifies the equations of motion dramatically. With the shift symmetry, the value of the scalar
field itself has no physical meaning, and one has to integrate the scalar field equations of motion only once. We also
impose the ansatz that the canonical kinetic term is constant
X = X0 = const. (5)
B. Static and spherically symmetric solutions
As in Refs. [15, 32, 34, 42], we focus on a static spherically symmetric spacetime
ds2 = −A(r)dt2 + dr
2
B(r)
+ 2C(r)dtdr +D(r)r2(dθ2 + cos2 θdϕ2), (6)
and a linearly time-dependent scalar field
φ(t, r) = qt+ ψ(r). (7)
Our choice of linear time-dependence is motivated by the fact that this gives equations of motion which are time-
independent (whereas time-dependent equations of motion would be at odds with the static BHs we are investigating).
On the other hand, choosing time-independence (i.e. setting q = 0) would mean that only a trivial solution (φ =
constant) is allowed because of the no-hair theorem [24, 25].
According to the gauge fixing theorem in Ref. [43], we can set D(r) = 1 at the level of the action without losing any
independent equation of motion, while choosing C(r) = 0 at the level of the action loses an independent equation for
C. So that we maintain an independent equation, the action must be varied before imposing C(r) = 0. 3 We derive
the equations of motion by varying the action, and afterwards impose the gauge conditions C(r) = 0 and D(r) = 1.
Once we have fixed the gauge, the kinetic term reads
X(r) = −q
2
A
+Bψ′2, (8)
where a prime denotes a derivative with respect to r. Using Eq. (8), one can solve Eq. (5) for ψ′ as
ψ′ = ±
√
q2 +X0A
AB
, (9)
and with this relation higher derivatives of ψ can be erased in terms of q, X0, A(r), B(r), and derivatives of A(r),
B(r). By taking the positive branch of Eq. (9) and using ingoing Eddington−Finkelstein coordinates (v, r) defined
by dv = dt+ dr/
√
AB, we obtain φ ≃ qv in the vicinity of the future event horizon. Thus, the scalar field is regular
at the future event horizon [15, 16]. If we take the negative branch of Eq. (9), we obtain the scalar field solution
regular at the past event horizon. From now on, we focus on the BH solutions and take the positive branch of Eq.
(9). We note that when choosing shift symmetry using Eq. (4) and a constant X using Eq. (5), the couplings and
their derivatives in the equations of motion evaluated at X = X0 reduce to numbers rather than functions, which
makes solving the equations of motion significantly easier.
III. THE PURE CUBIC DHOST THEORIES
In this section, we derive the conditions that guarantee the existence of Schwarzschild or Schwarzschild-(anti-)de
Sitter solutions in the pure cubic theories, defined by
F2(X) =
M2p
2
, AI(X) = 0 (I = 1, · · · , 5). (10)
where Mp is the reduced Planck mass, such that the F2 term reduces to the Einstein-Hilbert term. We also provide
the general form of the coupling functions which satisfy the conditions.
3 This is different to the static scalar field in a static spherically symmetric spacetime, where it is possible to choose both C(r) = 0 and
D(r) = 1 at the level of the action [43].
4A. Schwarzschild solution
First, let us focus on the Schwarzschild solution
A = B = 1− rg
r
, (11)
where rg is a constant which corresponds to the location of the event horizon.
We will clarify the conditions that the metric Eq. (11) and the scalar field Eq. (7) with Eq. (9) are the solutions of
the scalar-tensor theories Eq. (1) with Eq. (10). We substitute Eqs. (11) and (7) with Eq. (9) into the equations of
motion to produce a Taylor series in r − rg. We impose that the coefficient which depends on the coupling functions
and their derivatives evaluated at X = X0 vanishes at each order of r − rg, and repeat the same procedure until the
sufficient number of the conditions are obtained [30, 32, 33]. As one goes to higher order in r−rg, the series expansion
covers a larger domain of r > rg. After the consistent conditions are obtained, all the higher order terms of r − rg
trivially vanish and the entire domain 0 < r < ∞ can be covered. We note that our conditions do not depend on
the reference position of the Taylor expansion of the equations of motion, and the same conditions are obtained if we
expand the same equations with respect to the other radius, for instance, r =∞. As in the case of the pure quadratic
DHOST theories, the conditions that the solutions exist are classified into the following two cases: one is satisfied for
Q := X0 + q
2 = 0, and the other is for Q 6= 0.
For Q := X0 + q
2 = 0 (Case 1-cubic), the conditions for the existence of the stealth Schwarzschild solutions are
F0 = F0X = F1X = 0,
B3X =
3
10X0
[−2B2 +B3 − 3X0 (B4 +B6 + 2(B1X +B2X))] , B3 = −18B1, B2 = 9B1, (12)
which are evaluated at X = X0 = −q2.
For Q 6= 0 (Case 2-cubic):
F0 = F0X = F1X = 0,
B1 = B2 = B3 = B3X = B6 = 0, 2B1X +B2X = 0, B4 +B2X = 0. (13)
which are evaluated at X = X0. We note that functions which do not appear in these conditions are not relevant for
the existence of the solutions. As we will see in Sec. III B, the constant F0(X0) serves as the effective cosmological
constant, and should vanish for an asymptotically flat solution.
The general form of the couplings satisfying Eqs. (12) and (13) is given by the Taylor series:
Fi(X) =
∞∑
j=0
fij(X −X0)j , BJ(X) =
∞∑
j=0
bJj(X −X0)j , (14)
where i = 0, 1, 3 (F2 = M
2
p/2) and J = 1, 2, 3, · · · , 10. The relations between the coefficients are given by Eqs. (D1)
and (D2).
B. Schwarzschild-(anti-)de Sitter solution
Second, let us focus on the Schwarzschild- (anti-) de Sitter solution
A = B = 1− rg
r
− Λ
3
r2, (15)
where rg is a constant which corresponds to the mass of the Schwarzschild- (anti-) de Sitter spacetime and Λ represents
the effective cosmological constant. We substitute Eqs. (15) and (7) with Eq. (9) into the equations of motion to
produce an inverse power series of r with respect to r = ∞. We impose that the coefficient which depends on the
coupling functions and their derivatives evaluated at X = X0 vanishes at each order of 1/r, and repeat the same
procedure until the sufficient number of the conditions are obtained. The conditions can be classified into two cases:
One is satisfied for Q := X0 + q
2 = 0, and the other is for Q 6= 0.
For Q = 0 (Case 1-Λ-cubic):
F0 = −ΛM2p , F0X = 0, F1X − Λ (−X0B4 + 4X0B1X + 2X0B2X + F3X) = 0,
B1 = B2 = B3 = B3X = 0, B4 +B6 + 2(B1X +B2X) = 0, (16)
where the functions are evaluated at X = X0 = −q2.
5For Q 6= 0 (Case 2-Λ-cubic):
F0 = −ΛM2p , F0X = 0, F1X − Λ(−2X0B1X + F3X) = 0,
B1 = B2 = B3 = B3X = B6 = 0, B2X + 2B1X = 0, B4 − 2B1X = 0, (17)
where the functions are evaluated at X = X0. We note that the functions which do not appear in these conditions
are not relevant for the existence of the solutions. The general form of the couplings satisfying Eqs. (16) and (17) is
given by the Taylor series Eq. (14), with the relations between coefficients given by (D3) and (D4).
Finally, we should note that for both the cases of the Schwarzschild and Schwarzschild- (anti-) de Sitter cases, there
would also be solutions with solid deficit angles with B = α
(
1− rg/r − Λr2/3
)
(α 6= 1) as in the pure quadratic
DHOST theories [32, 34]. These solutions are very similar to the global monopole solutions obtained in [44]. Since in
contrast to the case of the global monopole, solutions with deficit angles are not the unique solutions in our theory
and not physically important in comparison with the exact Schwarzschild or Schwarzschild-(anti-) de Sitter solutions.
Thus in this paper we will not consider these solutions.
C. Compatibility with the degeneracy conditions
Now, we impose degeneracy conditions of pure cubic DHOST theories shown in Appendix B, and check their
compatibility with the conditions (12), (13), (16), and (17). In Table I, we show which class of pure cubic DHOST
theories defined in Appendix. B are compatible with the different BH solutions, recalling that Case 1(-Λ)-cubic and
2(-Λ)-cubic refer to X0 = −q2 and X0 6= −q2 respectively:
Case 1-cubic Case 2-cubic Case 1-Λ-cubic Case 2-Λ-cubic
3M-I X × × ×
3M-II × × × ×
3M-III × × × ×
3M-IV Xa X X X
3M-V × × × ×
3M-VI Xa X X X
3M-VII Xa X X X
3N-I × × × ×
3N-II Xa X X X
TABLE I. Compatibility of degeneracy conditions in the cubic DHOST theories with the conditions in Case 1(-Λ)-cubic and
Case 2(-Λ)-cubic.
a The conditions of Case 1-cubic are compatible with Classes-3M-IV, 3M-VI, 3M-VII, and 3N-II only for B1 = B2 = B3 = 0 because of
the different ratios of B2 and B3 to B1.
Thus the conditions of the stealth Schwarzschild solutions are compatible with Classes-3M-I, 3M-IV, 3M-VI, 3M-
VII, and 3N-II; the conditions of the Schwarzschild- (anti-) de Sitter solutions are compatible with Classes-3M-IV,
3M-VI, 3M-VII, and 3N-II, respectively.
IV. THE FULL DHOST THEORIES
In this section, we derive the conditions that guarantee the existence of Schwarzschild or Schwarzschild- (anti-)de
Sitter solutions in the full DHOST theories, namely, in the presence of both quadratic and cubic DHOST couplings
Fi(X) 6= 0, AI(X) 6= 0, and BJ (X) 6= 0, where i = 0, 1, 2, 3; I = 1, · · · , 5; J = 1, · · · , 10, and provide the general form
of the coupling functions which satisfy these conditions. We find that there is no mixing between quadratic and cubic
terms, i.e. there are no conditions containing both AIs and BJs.
A. Schwarzschild solution
First, let us focus on the Schwarzschild solution given by the metric Eq. (11). The procedure for obtaining the
solution is the same as that in Sec. III A, i.e. we substitute the metric Eq. (11) and the scalar field Eq. (7) with Eq.
6(9) into the equations of motion and find the conditions such that the coefficients of the Taylor series of the equations
of motion vanish. Here, we only focus on the result.
The conditions that the solutions exist are as follows:
For Q = X0 + q
2 = 0 (Case 1-full):
F0 = F0X = F1X = 0,
A1 +A2 = 0, A1X +A2X = 0,
B3X =
3
10X0
[−2B2 +B3 − 3X0 (B4 +B6 + 2(B1X +B2X))] , B3 = −18B1, B2 = 9B1, (18)
which are evaluated at X = X0 = −q2. We note that the limit to pure quadratic DHOST theories (F3 = 0 and
B1 = B2 = · · · = B10 = 0) agrees with Case 1 obtained in Ref. [32].
For Q 6= 0 (Case 2-full), the conditions for the existence of the stealth Schwarzschild solutions are given by
F0 = F0X = F1X = 0,
A1 = A2 = 0, A1X +A2X = 0, A3 + 2A1X = 0,
B1 = B2 = B3 = B3X = B6 = 0, 2B1X +B2X = 0, B4 +B2X = 0. (19)
which are evaluated at X = X0. We note that the limit to pure quadratic DHOST theories (F3 = 0 and B1 =
B2 = · · · = B10 = 0) agrees with Case 2 obtained in Ref. [32]. Thus, for the existence of the Schwarzschild solution,
the conditions for the pure quadratic and pure cubic DHOST theories can be independently satisfied, and no extra
conditions with the mixture of AIs and BJs, and their derivatives, are imposed.
The general form of the couplings satisfying Eqs. (18) and (19) is given by the Taylor series
Fi(X) =
∞∑
j=0
fij(X −X0)j , AI(X) =
∞∑
j=0
aIj(X −X0)j , BJ (X) =
∞∑
j=0
bJj(X −X0)j , (20)
where i = 0, 1, 2, 3, I = 1, 2, · · · , 5, and J = 1, 2, 3, · · · , 10, with the relations between coefficients given in (D5) and
(D6), respectively.
B. Schwarzschild- (anti-) de Sitter solution
Second, let us focus on the Schwarzschild-(anti-) de Sitter solution given by the metric Eq. (15), i.e. we substitute
the metric and the scalar field Eq. (7) with Eq. (9) into the equations of motion and find the conditions such that
the coefficients of the Taylor series of the equations of motion vanish. The procedure for obtaining the solution is the
same as that in Sec. III B. Here, we only focus on the result.
The conditions that we get the solutions are as follows:
For Q := X0 + q
2 = 0 (Case 1-Λ-full):
F0 + 2ΛF2 = 2ΛX0A1, F0X + 4ΛF2X =
Λ
2
(2A1 − 3X0A3 − 4X0A1X),
F1X − Λ (−X0B4 + 4X0B1X + 2X0B2X + F3X) = 0,
A1 +A2 = 0, A1X +A2X = 0,
B1 = B2 = B3 = B3X = 0, B4 +B6 + 2(B1X +B2X) = 0, (21)
where the functions are evaluated at X = X0 = −q2. We note that the limit to pure quadratic DHOST theories
(F3 = 0 and B1 = B2 = · · · = B10 = 0) agrees with Case 1-Λ obtained in Ref. [32].
For Q 6= 0 (Case 2-Λ-full):
F0 + 2ΛF2 = 0, F0X + Λ (4F2X −X0A1X) = 0, F1X − Λ(−2X0B1X + F3X) = 0,
A1 = A2 = 0, A1X +A2X = 0, A3 + 2A1X = 0,
B1 = B2 = B3 = B3X = B6 = 0, B2X + 2B1X = 0, B4 − 2B1X = 0, (22)
where the functions are evaluated at X = X0. We note that the limit to pure quadratic DHOST theories (F3 = 0 and
B1 = B2 = · · · = B10 = 0) agrees with Case 2-Λ obtained in Ref. [32].
Thus, for the existence of the Schwarzschild- (anti-) de Sitter solution, the conditions for the pure quadratic and
pure cubic DHOST theories have to be independently satisfied, and no extra conditions with the mixture of AIs and
7BJs, and their derivatives, are imposed. The general form of the couplings satisfying Eqs. (21) and (22) is given by
the Taylor series Eq. (20), with the relations between coefficients given by (D7) and (D8).
As we noted in the case of the pure cubic DHOST theories, for both the cases of the Schwarzschild and Schwarzschild-
(anti-) de Sitter cases, there would also be solutions with solid deficit angles. Again, these solutions are not physically
important in comparison with the exact Schwarzschild or Schwarzschild-(anti-) de Sitter solutions, and therefore we
focus on these solutions.
C. Compatibility with the degeneracy conditions
We then impose degeneracy conditions of the full DHOST theories shown in Appendix C, and check the compatibility
of the conditions (18), (19), (21), and (22) with them. Combining all conditions, we find that only a few combinations of
quadratic and cubic theories allow BH solutions. Our results are summarized in Table II, which shows the combinations
of theories which allow both Schwarzschild and Schwarzschild-(anti-) de Sitter solutions. 4 We note that the additional
condition A1 = A2 = 0 is required for both of these combinations when looking for Case 2-full and Case 2-Λ-full
theories.
Class 3M-I 3M-II 3M-III 3M-IV 3M-V 3M-VI 3M-VII 3N-I 3N-II
2M-I Case-1-full only × × − × − − − −
2M-IIa − − × X − − X − −
2M-IIIa − − − − × X X − −
2N-I Case 1-full only × × − × − − × −
2N-II − − − − − − X − X
2N-III × × × − × − − − −
2N-IV × × × − × − − − −
TABLE II. Compatibility of degeneracy conditions in full DHOST theories with the conditions in Case 1(-Λ)-full and Case
2(-Λ)-full. The combinations denoted by “−” were already excluded in terms of the incompatibility between degeneracy
conditions, while the combinations denoted by “×” are ruled out in terms of the incompatibility of degeneracy conditions with
the conditions for the existence of Schwarzschild and Schwarzschild- (anti-) de Sitter BH solutions.
a Class 2M-II has the additional condition A1 = A2 = A3 = 0 and 2M-III has the condition A1 = A2 = 0 for all solutions.
Since the combination of the pure quartic order Horndeski theory (G4 6= 0 while f4 = 0) among Class-2N DHOST
and the pure quintic order beyond-Horndeski theory (f5 6= 0 while G5 = 0) among Class-3M DHOST cannot be
degenerate, Case 1-full solutions do not exist in this limit (See Sec. V).
V. GLPV AND HORNDESKI THEORIES
Particular choices of the quadratic and cubic DHOST theories correspond to the Horndeski and GLPV theories.
The Horndeski theories corresponds to the choice
F0 = G2, F1 = G3, F2 = G4, F3 = G5,
A1 = −A2 = 2G4X , A3 = A4 = A5 = 0,
3B1 = −B2 = 3
2
B3 = G5X , BJ = 0 (J = 4, · · · , 10). (23)
Similarly, the GLPV theories correspond to the choice
F0 = G2, F1 = G3, F2 = G4, F3 = G5,
A1 = −A2 = 2G4X +Xf4, A3 = −A4 = 2f4, A5 = 0,
3B1 = −B2 = 3
2
B3 = G5X + 3Xf5, −2B4 = B5 = 2B6 = −B7 = 6f5, B8 = B9 = B10 = 0. (24)
4 The combination of Class-3M-I with Class-2M-I and that of Class-3M-I with Class-2N-I permit Schwarzschild solutions as long as
X0 = −q2, but not de Sitter-Schwarzschild solutions. In other words they only permit Case-I-full solutions.
8The case of (24) with f4 = 0 and f5 = 0 corresponds to Horndeski theories. The pure quartic order GLPV theory
(G4 6= 0 and f4 6= 0 while G5 = f5 = 0) belongs to Class-2N-I DHOST, and the pure quintic order GLPV theory
(G5 6= 0 and f5 6= 0 while G4 =M2p/2 and f4 = 0) belongs to Class- 3N-I DHOST [3]. We note that the combination
of the quartic order Horndeski term (G4) and the pure quintic order beyond-Horndeski term (f5), and that of the pure
quintic order beyond-Horndeski term (f5) and the quartic order Horndeski term (G4), are both nondegenerate [1, 45].
On the other hand, the combination of the quartic order Horndeski (G4) and pure beyond-Horndeski (f4) terms, and
that of the quintic order Horndeski term (G5) and pure beyond-Horndeski (f5) terms are degenerate [1, 45].
A. The pure cubic DHOST theories
1. GLPV theories
The GLPV limit of the pure cubic DHOST theories corresponds to the choice of G4(X) = M
2
p/2 and f4(X) = 0.
In the GLPV limit, the conditions in Case 1-cubic reduce to
G2 = G2X = G3X = G5X + 3X0f5 = G5XX + 3f5 + 3X0f5X = 0, (25)
evaluated at X = X0 = −q2. The conditions in Case 2-cubic reduce to
G2 = G2X = G3X = G5X = f5 = G5XX + 3X0f5X = 0, (26)
evaluated at X = X0.
The conditions in Case 1-Λ-cubic reduce to
G2 + ΛM
2
p = G2X = G3X = G5X + 3X0f5 = G5XX + 3(f5 +X0f5X) = 0, (27)
evaluated at X = X0 = −q2. The conditions in Case 2-Λ-cubic reduce to
G2 + ΛM
2
p = G2X = G3X = G5X = f5 = G5XX + 3X0f5X = 0, (28)
evaluated at X = X0.
2. Horndeski limit
In the case of the Horndeski theories, f5(X) = 0, the conditions for Case 1-cubic and Case 2-cubic further reduce
to
G2 = G2X = G3X = G5X = G5XX = 0, (29)
evaluated at X = X0 = −q2, and X = X0 6= −q2, respectively. In the Horndeski limit, the conditions for Case
1−Λ-cubic and Case 2−Λ-cubic further reduce to
G2 + ΛM
2
p = G2X = G3X = G5X = G5XX = 0, (30)
evaluated at X = X0 = −q2 and X = X0 6= −q2, respectively.
B. The full DHOST theories
1. GLPV theories
In the GLPV limit, the conditions in Case 1-full reduce to
G2 = G2X = G3X = G5X + 3X0f5 = G5XX + 3f5 + 3X0f5X = 0, (31)
evaluated at X = X0 = −q2. The conditions in Case 2-full reduce to
G2 = G2X = G3X = 2G4X +X0f4 = 2G4XX +X0f4X + 2f4 = G5X = f5 = G5XX + 3X0f5X = 0, (32)
evaluated at X = X0.
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G2 + 2ΛG4 − 2ΛX0 (2G4X +X0f4) = G2X + 2Λ
(
2X0f4 +X
2
0f4X +G4X + 2X0G4XX
)
= G3X = G5X + 3X0f5 = G5XX + 3(f5 +X0f5X) = 0, (33)
evaluated at X = X0 = −q2. The conditions in Case 2-Λ-full reduce to
2G4X +X0f4 = 2G4XX +X0f4X + 2f4 = G2 + 2ΛG4 = G2X + Λ(4G4X +X0f4)
= G3X = G5X = f5 = G5XX + 3X0f5X = 0, (34)
evaluated at X = X0. These results agree with those in Ref. [32] which takes G5(X) = f5(X) = 0, and the particular
subclass of the quartic order GLPV theories which provides the self-tuning mechanism of the cosmological constant
[30, 31].
In the case that both the quartic- and quintic- order beyond-Horndeski interactions (f4(X) 6= 0 and f5(X) 6= 0)
are present, the theory can be degenerate only if G4(X) = G5(X) = 0 [1, 45]. Then, the conditions in Case 1-full and
Case 2-full further reduce to
G2 = G2X = G3X = f5 = f5X = 0, (35)
evaluated at X = X0 = −q2, and
G2 = G2X = G3X = f4 = f4X = f5 = f5X = 0, (36)
evaluated at X = X0 6= −q2, respectively. The conditions in Case 1-Λ-full and Case 2-Λ-full further reduce to
G2 − 2ΛX20f4X = G2X + 2Λ
(
2X0f4 +X
2
0f4X
)
= G3X = f5 = f5X = 0, (37)
evaluated at X = X0 = −q2, and
f4 = f4X = G2 = G2X = G3X = f5 = f5X = 0, (38)
evaluated at X = X0 6= −q2, respectively. All these conditions are not compatible with the assumption that f4(X) 6= 0
and f5(X) 6= 0. Thus, the existence of the Schwarzschild and Schwarzschild-(anti-) de Sitter solutions cannot be
compatible with degeneracy of GLPV theories with both the quartic and quintic beyond-Horndeski interactions.
2. Horndeski limit
In the case of the Horndeski theories, f4(X) = f5(X) = 0, the conditions for Case 1-full and Case 2-full further
reduce to
G2 = G2X = G3X = G5X = G5XX = 0, (39)
evaluated at X = X0 = −q2, and
G2 = G2X = G3X = G4X = G5X = G5XX = 0, (40)
evaluated at X = X0, respectively. In the Horndeski limit, the conditions for Case 1−Λ-full and Case 2−Λ-full further
reduce to
G2 + 2ΛG4 − 4ΛX0G4X = G2X + 2Λ (G4X + 2X0G4XX) = G3X = G5X = G5XX = 0, (41)
evaluated at X = X0 = −q2, and
G4X = G4XX = G2 + 2ΛG4 = G2X + 4ΛG4X = G3X = G5X = G5XX = 0, (42)
evaluated at X = X0, respectively.
These conditions coincide with those obtained in Refs. [15, 16] which takes G3(X) = G5(X) = 0.
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VI. CONCLUSIONS
We obtained conditions for the existence of the Schwarzschild and Schwarzschild-(anti-) de Sitter black hole solutions
in the shift-symmetric DHOST theories by assuming that the scalar field has a nontrivial profile with a linear time
dependence and that the ordinary kinetic term of the scalar field is constant. Our analysis extended the work of Ref.
[32], exhausted all the known classes of DHOST theories, and included the shift-symmetric subclasses of Horndeski
and GLPV theories as special cases.
We have also investigated the compatibility between the degeneracy conditions and the conditions to allow the exact
BH solutions obtained in this paper. We found that in most classes of DHOST theories with both quadratic and
cubic interactions, these conditions are not compatible, and cubic DHOST theories are not the scalar-tensor theories
giving rise to viable BH solutions with a non-trivial scalar field which are absent in GR. Combined with the fact that
none of the cubic DHOST theories satisfy the latest bound on the propagation speed of gravitational waves [5], our
analysis means that cubic DHOST theories are disfavoured in all the regimes of our Universe. In other words, the only
DHOST theories which are likely to be viable alternatives to GR are quadratic DHOST theories. Ref. [35] recently
argued that even-mode perturbations about stealth Schwarzschild solutions in pure quadratic DHOST theories suffer
strong coupling problems, indicating that predictions at the level of linear perturbations cannot be trusted. If this is
true, the same issue may also be present for the case of the cubic DHOST theories. All these facts would strongly
disfavor DHOST theories in terms of the properties of BHs, in comparison with those in GR.
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Appendix A: The pure quadratic DHOST theories
In the Appendices A-C, we summarize the degeneracy conditions for the pure quadratic, pure cubic, and full
DHOST theories. In the case of the pure quadratic DHOST theories, F3 = BJ = 0 (where J = 1, 2, · · · , 10).
1. The case F2 = F2(φ)
In the case of F2 = F2(φ), degeneracy conditions for minimally coupled quadratic theories
5 are classified into the
following three classes [46]:
The Class-2M-I DHOST theory is given by
A4 = −2A1
X
, A5 =
4A1(A1 + 2A2)− 4A1A3X + 3A23X2
4(A1 + 3A3)X2
. (A1)
The pure quartic beyond-Horndeski theories (f4 6= 0 while G4 = G4(φ) and G5 = f5 = 0) satisfy the degeneracy
conditions of the Class-2M-I DHOST [1, 3].
The Class-2M-II DHOST theory is given by
A2 = −A1
3
, A3 =
2A1
3X
. (A2)
The Class-2M-III DHOST theory is given by
A1 = 0. (A3)
Class-2M theories are also called “Class III” theories [2, 10].
5 Here we take “minimally coupled” to mean F2(X, φ) = F2(φ), because this coupling is free from Ostrogradsky ghosts and does not
contribute to the degeneracy conditions.
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2. The case F2 = F2(φ,X)
In the case of F2 = F2(φ,X), degeneracy conditions are classified into the following four classes [3]:
The Class-2N-I DHOST theory with F2 6= XA1 is given by
A2 = −A1 6= −F2
X
,
A4 =
1
8(F2 −XA1)2
{
4F2
[
3(A1 − 2F2X)2 − 2A3F2
]−A3X2(16A1F2X +A3F2)
+4X
[
3A1A3F2 + 16A
2
1F2X − 16A1F 22X − 4A31 + 2A3F2F2X
]}
,
A5 =
1
8(F2 −XA1)2 (2A1 −XA3 − 4F2X) (A1(2A1 + 3XA3 − 4F2X)− 4A3F2) . (A4)
The pure quartic order GLPV theories (G4 6= 0 and f4 6= 0 while G5 = f5 = 0) satisfy the degeneracy conditions of
the Class-2N-I DHOST [1, 3].
The Class-2N-II DHOST theory with F2 6= XA1 is given by is given by
A2 = −A1 = −F2
X
, A3 =
2(F2 − 2XF2X)
X2
. (A5)
Class-2N-I and Class-2N-II theories which satisfy A1 +A2 = 0 are also called “Class I” theories [2, 10].
The Class-2N-III DHOST theory with A1 +A2 6= 0 and F2 6= XA1 is given by
A3 =
4F2X(A1 + 3A2)
F2
− 2(A1 + 4A2 − 2F2X)
X
− 4F2
X2
,
A4 =
2F2
X2
+
8F 22X
F2
− 2(A1 + 2F2X)
X
,
A5 =
2
F 22X
3
[
4F 32 + F
2
2X(3A1 + 8A2 − 12F2X) + 8F2F2XX2(F2X −A1 − 3A2) + 6F 22XX3(A1 + 3A2)
]
. (A6)
The Class-2N-IV DHOST theory with A1 +A2 6= 0 is given by
A1 =
F2
X
,
A4 =
8F 22X
F2
− 4F2X
X
,
A5 =
1
4F2X3(F2 +A2X)
[
F2A
2
3X
4 − 4F 32 − 8F 22X(A2 − 2F2X)
−4F2X2 (4F2X(F2X − 2A2) +A3F2) + 8F2XX3(A3F2 − 4A2F2X)
]
. (A7)
Class-2N-III and Class-2N-IV theories which do not satisfy A1 +A2 = 0 are also called “Class II” theories [2, 10].
Appendix B: The pure cubic DHOST theories
In the case of pure cubic DHOST theories, F2 = AI = 0 (where I = 1, 2, · · · , 5).
1. The minimally coupled case F3 = 0
In the minimally coupled case F3 = 0, degeneracy conditions are classified into seven classes [3]:
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The Class-3M-I DHOST theory (9B1 + 2B2 6= 0) is given by
B5 = − 2
X
B2, B6 =
9B1B3 + 3B4X (B2 +B3)− 2B22
X (9B1 + 2B2)
,
B7 = − 3
X
B3, B8 =
9B1B3 − 6B4X (B2 +B3) + 6B2B3 + 4B22
X2 (9B1 + 2B2)
,
B9 =
1
X2 (9B1 + 2B2)
2
[
3B24X
2 (9B1 + 3B2 +B3)− 2B4X
(
9B1 (B2 −B3) + 4B22
)
+24B1B
2
2 + 54B
2
1B2 + 27B
2
1B3 + 4B
3
2 ],
B10 =
1
X3 (9B1 + 2B2)
3
[
3B34X
3 (9B1 + 3B2 +B3)− 6B2B24X2 (9B1 + 3B2 +B3)
+2B4X
(
81B21 (B2 +B3) + 18B1B2 (3B2 + 2B3) + 2B
2
2 (5B2 + 3B3)
)
−2 (54B21B2 (B2 + 2B3) + 4B1B22 (7B2 + 9B3) + 81B31B3 + 4B32 (B2 +B3))]. (B1)
The pure quartic order beyond-Horndeski interactions (f4 6= 0 while G4 = G4(φ) and G5 = f5 = 0) satisfy the
degeneracy conditions of Class-3M-I DHOST [1, 3].
The Class-3M-II DHOST theory (9B1 − 2B2 6= 0) is given by
B2 = −9
2
B1, B4 = − 3
X
B1, B5 =
9
X
B1,
B7 = − 3
X
B3, B8 =
3B3 − 2B6X
X2
,
B9 =
9B1 (B3 + 2B6X)− 81B21 − 2B26X2
3X2 (9B1 − 2B3) ,
B10 =
[
18B6X
(−12B1B3 + 27B21 + 2B23)− 36B3 (−8B1B3 + 18B21 +B23)
−12B3B26X2 + 4B36X3]
[
9X3 (9B1 − 2B3)2
]
−1
. (B2)
The Class-3M-III DHOST theory is given by
B2 = −9
2
B1, B3 =
9
2
B1, B4 = −3B1
X
, B5 =
9
X
B1, B6 =
9B1
2X
,
B7 = − 27
2X
B1, B8 =
9B1
2X2
, B9 = − 3B1
2X2
, B10 = −B1
X3
. (B3)
The Class-3M-IV DHOST theory is given by
B2 = −9
2
B1, B3 =
9
2
B1, B6 = −3B4 − 9
2X
B1,
B7 = −3B5 + 27
2X
B1, B9 =
3B1 − 2X (2B4 +B5)
2X2
. (B4)
The Class-3M-V DHOST theory is given by
B2 = B3 = B5 = B6 = B7 = B8 = 0, B9 =
B24
3B1
, B10 =
B34
27B21
. (B5)
The Class-3M-VI DHOST theory is given by
B2 = B3 = B6 = B7 = 0. (B6)
The Class-3M-VII DHOST theory is given by
B1 = B2 = B3 = B4 = B6 = 0, B9 = −B5
X
. (B7)
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2. The nonminimally coupled case F3 6= 0
In the nonminimally coupled case F3 6= 0, degeneracy conditions are classified into two classes [3]:
The Class-3N-I DHOST theory (B1 6= 0) is given by
B2 = −3B1, B3 = 2B1, B6 = −B4, B5 = 2(F3X − 3B1)
2 − 2B4F3XX
3B1X
,
B7 =
2B4F3XX − 2(F3X − 3B1)2
3B1X
, B8 =
2(3B1 +B4X − F3X)
(
(F3X − 3B1)2 −B4F3XX
)
9B21X
2
,
B9 =
2B4(3B1 +B4X − F3X)
3B1X
, B10 =
2B4(3B1 +B4X − F3X)2
9B21X
2
. (B8)
The pure quintic order GLPV theories (G5 6= 0 and f5 6= 0 while G4 = f4 = 0) satisfy the degeneracy conditions of
the Class-3N-I DHOST [3].
The Class-3N-II DHOST theory (B1 = 0) is given by
B1 = B2 = B3 = 0, B7 = −B5, B4 = −B6 = F3
X
, B9 = −2F3X +XB5
X2
. (B9)
Appendix C: The full DHOST theories
If both quadratic and cubic terms exist, AI 6= 0 (I = 1, 2, · · · , 5) and BJ 6= 0 (J = 1, 2, · · · , 10), they
can be compatible only for particular combinations of Class-2N/M and Class-3N/M theories.
The compatibility of cubic DHOST theories with Class-2M DHOST theories is summarized as follows [3]:
Class 3M-I 3M-II 3M-III 3M-IV 3M-V 3M-VI 3M-VII 3N-I 3N-II
2M-I (C1) (C2) X − (C3) − − − −
2M-II − − X X − − (C4) − −
2M-III − − − − X X (C5) − −
where we have defined
B4 =
−6A1B1 + 4A2B2 +A3X(9B1 + 2B2)
2X(A1 + 3A2)
, (C1)
B6 =
3(6A1B1 + 4A2B3 +A3X(2B3 − 9B1))
4X(A1 + 3A2)
, (C2)
B4 = −3B1(2A1 − 3A3X)
2X(A1 + 3A2)
, (C3)
B7 = −3B5, (C4)
B7 = 0. (C5)
The compatibility of cubic DHOST theories with Class-2N DHOST theories is summarized as follows [3]:
Class 3M-I 3M-II 3M-III 3M-IV 3M-V 3M-VI 3M-VII 3N-I 3N-II
2N-I (C6) & (C8) (C6) & (C11) (C6) − (C6) & (C9) − − (C13) −
2N-II − − − − − − (C12) − X
2N-III (C8) (C11) X − (C9) − − − −
2N-IV (C7) & (C8) (C7) & (C11) (C7) − (C10) − − − −
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where we have defined
A3 = −8A1F2X
F2
+
6A1 + 4F2X
X
− 4F2
X2
, (C6)
A3 =
12A2F2X
F2
− 8(A2 − F2X)
X
− 6F2
X2
, (C7)
B4 =
2F2X(9B1 + 2B2)
F2
− 2(6B1 +B2)
X
, (C8)
B4 = 6B1
(
3F2X
F2
− 2
X
)
, (C9)
B4 =
3B1
2X(A2X + F2)
(X(A3X + 4F2X)− 2F2) , (C10)
B6 =
3
F2X
(6B1F2 − 9B1F2XX −B3F2 + 2B3F2X + 2B3F2XX) , (C11)
B7 = −B5, (C12)
B4 =
−A1F3XX − 6B1F2 + 6B1F2XX + 2F2F3X
F2X
, (C13)
A3 =
2
3B1F2X2
[
B1(9A1F2X − 12A1F2XX2 + 6F2F2XX − 6F 22X) + 2F3X(F2 −A1X)2
]
. (C14)
Appendix D: The coefficients in general couplings
1. The pure cubic DHOST theories
In the case of the pure cubic DHOST theories, the coefficients in the Taylor series form (14) satisfy the following
relations:
Case-1-cubic satisfies
f00 = f01 = f11 = 0, b20 − 9b10 = b30 + 18b10 = 0,
b31 =
3
10X0
(−2b20 + b30 − 3X0(2b11 + 2b21 + b40 + b60)) , (D1)
with X0 = −q2.
Case-2-cubic satisfies
f00 = f01 = f11 = 0, b10 = b20 = b30 = b31 = b60 = 0, 2b11 + b21 = 0, b21 + b40 = 0. (D2)
Case-1-Λ-cubic satisfies
f00 = −ΛM2p , f01 = 0, b30 = b20 = b30 = b31 = 0,
b40 + b60 + 2Λ(b11 + b21) = 0, f11 − Λ (−X0(b40 − 4b11 − 2b21) + f31) = 0, (D3)
with X0 = −q2.
Case-2-Λ-cubic satisfies
f00 = −ΛM2p , f01 = 0, f11 + Λ(2X0b11 − f31) = 0,
b30 = b20 = b30 = b31 = b60 = 0, b21 + 2b11 = b40 − 2b11 = 0. (D4)
2. The full DHOST theories
In the case of the pure cubic DHOST theories, the coefficients in the Taylor series form (20) satisfy the following
relations:
Case-1-full satisfies
f00 = f01 = f11 = 0, a10 + a20 = a11 + a21 = 0, b20 − 9b10 = b30 + 18b10 = 0,
b31 =
3
10X0
(−2b20 + b30 − 3X0(2b11 + 2b21 + b40 + b60)) , (D5)
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with X0 = −q2.
Case-2-full satisfies
f00 = f01 = f11 = 0, a10 = a20 = a11 + a21 = a30 + 2a11 = 0,
b10 = b20 = b30 = b31 = b60 = 0,
2b11 + b21 = 0, b21 + b40 = 0. (D6)
Case-1-Λ-full satisfies
f00 + 2Λf20 − 2X0Λa10 = 0, f01 + Λ
(
4f21 − a10 + 2X0a11 + 3
2
X0a30
)
= 0,
f11 − Λ (−X0b40 + 4X0b11 + 2X0b21 + f31) = 0, a10 + a20 = a11 + a21 = 0,
b10 = b20 = b30 = b31 = 0, b40 + b60 + 2Λ(b11 + b21) = 0, (D7)
with X0 = −q2.
Case-2-Λ-full satisfies
f00 + 2Λf20 = 0, f01 + Λ(4f21 −X0a11) = 0, f11 + Λ(2X0b11 − f31) = 0,
a10 = a20 = a11 + a21 = a30 + 2a11 = 0,
b10 = b20 = b30 = b31 = b60 = 0, b21 + 2b11 = b40 − 2b11 = 0. (D8)
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